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AN L2-KÜNNETH FORMULA FOR TRACIAL ALGEBRAS
DAVID KYED
Abstrat. We prove a Künneth formula omputing the Connes-Shlyakhtenko L2-Betti
numbers of the algebrai tensor produt of two traial ∗-algebras in terms of the L2-Betti
numbers of the two original algebras. As an appliation, we onstrut examples of non-
nite, non-oommutative, ompat quantum groups with a non-vanishing rst L2-Betti
number.
1. Introdution
The theory of L2-invariants originates from the work of Atiyah [Ati76℄ in the 70's and was
further developed by Cheeger and Gromov [CG86℄ in the 80's and by Lük [Lü97, Lü98a,
Lü98b℄ in the late 90's. Lük showed that the whole theory ould be reformulated (and
substantially extended) in a purely algebrai setting by extending the notion of Murray-von
Neumann dimension from the lass of nitely generated, projetive modules over a nite
von Neumann algebra M to the lass of all M-modules. One of the pleasant features of
Lük's approah is that the algebrai setup allows the usage of all the powerful tools of
homologial algebra; for instane the L2-homology of a disrete group Γ an be written as
H(2)n (Γ) = Tor
CΓ
n (L (Γ),C),
where L (Γ) denotes the group von Neumann algebra. The L2-Betti numbers of Γ are then
obtained by applying the extended dimension funtion to the L2-homology; in symbols
β
(2)
n (Γ) = dimL (Γ)H
(2)
n (Γ). These L2-Betti numbers permit a Künneth formula [CG86,
2.7℄; i.e. for two disrete groups Γ and Λ we have that
β(2)n (Γ× Λ) =
∑
k+l=n
β
(2)
k (Γ)β
(2)
l (Λ).
In the beginning of the present entury, Connes and Shlyakhtenko [CS05℄ took the devel-
opment of L2-invariants a step further by dening L2-homology and L2-Betti numbers for
any weakly dense ∗-subalgebra A in a traial von Neumann algebra (M, τ); these are de-
noted H
(2)
n (A, τ) and β
(2)
n (A, τ) respetively. The Connes-Shlyakhtenko L2-Betti numbers
generalize the lassial L2-Betti numbers for groups by means of the formula
β(2)n (CΓ, τ) = β
(2)
n (Γ),
where τ is the natural trae on the group von Neumann algebra L (Γ). The aim of the
present note is to prove a Künneth formula for the Connes-Shlyakhtenko L2-Betti numbers;
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i.e. that for weakly dense ∗-subalgebras A and B of traial von Neumann algebras (M, τ)
and (N, ρ) we have
β(2)n (A⊙ B, τ ⊗ ρ) =
∑
k+l=n
β
(2)
k (A, τ)β
(2)
l (B, ρ).
Notation. Above, and in what follows, ⊙ is used to denote algebrai tensor produts whih,
unless speied otherwise, are assumed to be over the omplex numbers. The symbol ⊗
will be reserved to denote the minimal tensor produt of C∗-algebras, while ⊗¯ will be used
to denote the tensor produt in the ategory of von Neumann algebras as well as the tensor
produt in the ategory of Hilbert spaes. Moreover, for any algebra A we denote by Aop
the opposite algebra and by Aev the enveloping algebra A ⊙ Aop. For any von Neumann
algebra M we let M ev denote the ompleted tensor produt M⊗¯Mop.
Struture. The rest of the paper is organized in the following way: Setion 2 is devoted to
prove some minor results onerning the extended dimension funtion used in the proof
of the Künneth formula (Theorem 3.1) whih is presented in setion 3. In the fourth and
nal setion we show how the Künneth formula an be used to manufature non-trivial
ompat quantum groups with a non-vanishing rst L2-Betti number.
2. A bit of dimension theory
In the present setion we prove a few minor results related to Lük's generalized Murray-
von Neumann dimension dimM(−); this is a dimension funtion dened on the ategory of
all (algebrai) modules over a nite von Neumann algebra M taking values in the interval
[0,∞]. We shall not dwell on the denition and (surprisingly nie!) properties of this
dimension funtion, but refer the reader to Chapter 6 in [Lü02℄. All three results in this
setion are derived, without muh eort, from the work of Lük, but sine they are not
made expliit in the literature we present them here for the onveniene of the reader.
Throughout this setion, M will denote a nite von Neumann algebra with a speied
normal, faithful, traial state τ and all alulations of Murray-von Neumann dimensions
of M-modules are impliitly assumed to be with respet to the trae τ . To x notation,
we reall that if X is a submodule of an M-module Y the algebrai losure of X (relative
to Y ) is dened as
X
alg
=
⋂
ϕ∈Hom(Y,M)
X⊆ker(ϕ)
ker(ϕ).
Moreover, the projetive part P (X) of a module X is dened as X/{0}
alg
and in ase X is
nitely generated, P (X) is in fat a nitely generated projetive module. In the sequel, we
will denote by πX the natural surjetion of X onto P (X). As is easily seen, P (−) beomes
an endo-funtor on the ategory of M-modules and it possesses the following property.
Lemma 2.1. For a homomorphism f : X → Y between nitely generated M-modules we
have dimM im(f) = dimM im(P (f)).
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Proof. Sine im(P (f)) = im(πX ◦ f) = πX(im(f)) we have a short exat sequene
0 −→ ker(πX |im(f))
⊆
−→ im(f)
piX−→ im(P (f)) −→ 0. (1)
The kernel ker(πX |im(f)) is ontained in the zero-dimensional M-module ker(πX) = {0}
alg
,
and therefore itself zero dimensional, and applying additivity of dimM(−) to the equation
(1) we get
dimM im(P (f)) = dimM im(f)− dimM ker(πX |im(f)) = dimM im(f).

Lemma 2.2. Let f : P → Q be a homomorphism of nitely generated projetiveM-modules
and onsider the ontinuous extension f (2) : L2(P ) −→ L2(Q) of f between the Hilbert M-
module ompletions of P and Q. Then dimM im(f) = dimM im(f (2))
‖·‖2
.
Details about the notion of L2-ompletions of projetive modules an be found in [Lü97℄.
Proof. By [Lü02℄ Theorem 6.24, the funtor L2(−) going from the ategory of nitely
generated projetive M-modules to the ategory of nitely generated Hilbert M-modules
is weakly exat and dimension preserving, with weakly exat and dimension preserving
inverse, so
dimM im(f (2))
‖·‖2
= dimM im(f)
alg
= dimM im(f),
where the last identity follows from [Lü02℄ Theorem 6.7. 
The above two lemmas are inluded in order to prove the following result whih will be
essential in the proof of the Künneth formula. The laim in Lemma 2.3 was nested in the
proof of [Lü02℄ Theorem 6.54, but in order to larify the proof of Theorem 3.1 we have
extrated the result as a separate lemma and inluded a proof.
Lemma 2.3. Let F = (F∗, f∗) and G = (G∗, g∗) be hain omplexes onsisting of nitely
generated projetive M-modules and onsider a morphism of omplexes ϕ : F → G. Denote
by L2(F ) = (L2(F∗), f
(2)
∗ ) and L2(G) = (L2(G∗), g
(2)
∗ ) the ompletions of F and G into
Hilbert M-hain omplexes and by ϕ(2) : L2(F )→ L2(G) the morphism indued by ϕ. From
this data we obtain three indued morphisms on the level on homology:
Hn(ϕ) : Hn(F ) −→ Hn(G)
def
=
ker(gn)
im(gn+1)
;
H¯n(ϕ) : H¯n(F ) −→ H¯n(G)
def
=
ker(gn)
im(gn+1)
alg
;
H(2)n (ϕ
(2)) : H(2)n (L
2(F )) −→ H(2)n (L
2(G))
def
=
ker(g
(2)
n )
im(g
(2)
n+1)
‖·‖2
.
The laim now is that dimM im(Hn(ϕ)) = dimM im(H
(2)
n (ϕ(2)))
‖·‖2
.
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Proof. We rst note that the homology modules Hn(F ) and Hn(G) appearing in Lemma
2.3 are nitely generated so that Lemma 2.1 and Lemma 2.2 applies; this is due to the
fat that M is a semihereditary ring and therefore [Lü97, 0.2℄ its ategory of nitely
presented modules is abelian. From [Lü02℄ Lemma 6.52 we get an isomorphism H¯n(F ) ≃
P (Hn(F )) under whih H¯n(ϕ) orresponds to PHn(ϕ) and an isomorphism L
2(PHn(F )) ≃
H
(2)
n (L2(F )) under whih (PHn(ϕ))
(2)
orresponds to H
(2)
n (ϕ(2)). Hene
dimM im(Hn(ϕ)) = dimM im(PHn(ϕ)) (Lemma 2.1)
= dimM im((PHn(ϕ))(2))
‖·‖2
(Lemma 2.2)
= dimM im(H
(2)
n (ϕ(2)))
‖·‖2
.

3. The Künneth formula
Let (M, τ) and (N, ρ) be traial von Neumann algebras and let A ⊆ M and B ⊆ N be
weakly dense ∗-subalgebras. Then the algebrai tensor produt A⊙B is a weakly dense ∗-
subalgebra in the traial von Neumann algebra (M⊗¯N, τ⊗ρ), and our aim now is to prove
the following Künneth formula for the Connes-Shlyakhtenko L2-Betti numbers introdued
in [CS05℄.
Theorem 3.1. For every n ≥ 0 we have
β(2)n (A⊙ B, τ ⊗ ρ) =
∑
k+l=n
β
(2)
k (A, τ)β
(2)
l (B, ρ),
where β
(2)
∗ (−,−) are the Connes-Shlyakhtenko L2-Betti numbers of the traial ∗-algebra in
question.
Note that the L2-Betti numbers might be innite and the the above formula is therefore
to be understood with respet to the standard rules for addition and multipliation in
[0,∞].
Proof. Let F = (F∗, f∗) and G = (G∗, g∗) denote the bar-resolutions [Lod98, 1.1.12℄ of A
and B respetively and onsider their tensor produt F ⊙ G = E whih in degree n has
the module
En =
⊕
k+l=n
Fk ⊙Gl,
and whose n-th dierential en : En → En−1 is given by the formula
en(x⊗ y) = fk(x)⊗ y + (−1)
kx⊗ gl(y),
for a homogeneous element x⊗ y ∈ Fk ⊙Gl. Sine both F and G are ayli the same is
true for E (see e.g. [Wei94, 2.7.3℄) and E therefore onstitutes a resolution of A⊙B in the
ategory of A⊙B-bimodules  a ategory we will freely identify with the ategory of left
modules over (A⊙B)ev = (A⊙B)⊙ (A⊙B)op. As proven in [CS05℄ Lemma 2.2, the bar
resolution F an be written as an indutive limit of a family of subomplexes (F∗,i, f∗,i)i∈I
AN L
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where eah Fi = (F∗,i, f∗,i) is a omplex of nite length onsisting of nitely generated free
Aev-modules. If we denote the n-th homology of the omplex
(M⊗¯Mop ⊙A⊙Aop Fi,∗, 1⊗ fi,∗)
by Hn(F
vN
i ) and by Hn(ϕ
vN
i2i1
) : Hn(F
vN
i1
) → Hn(F
vN
i2
) the map indued by the inlusion
ϕi2i1 : Fi1 →֒ Fi2 whenever i2 ≥ i1, then the L
2
-homology H
(2)
n (A, τ) beomes the indutive
limit lim
−→
(Hn(F
vN
i ), Hn(ϕ
vN
i2i1
)). Sine eah Fn,i is nitely generated, it follows from [Lü02℄
Theorem 6.13 that
β(2)n (A, τ) = sup
i1
inf
i2≥i1
dimM⊗¯Mop im(Hn(ϕ
vN
i2i1
))
= sup
i1
inf
i2≥i1
dimM⊗¯Mop im(H
(2)
n (ϕ
(2)
i2i1
))
‖·‖2
, (2)
where the last equality follows from Lemma 2.3. In a ompletely similar manner, we
obtain the L2-homology H
(2)
n (B, ρ) as the indutive limit lim−→
(Hn(G
vN
j ), Hn(ψ
vN
j2j1
)) arising
from a family of nite length subomplexes (G∗,j , g∗,j)j∈J , eah of whih onsists of nitely
generated free Bev-modules, and hene
β(2)n (B, ρ) = sup
j1
inf
j2≥j1
dimN⊗¯Nop im(Hn(ψ
vN
j2j1
))
= sup
j1
inf
j2≥j1
dimN⊗¯Nop im(H
(2)
n (ψ
(2)
j2j1
))
‖·‖2
. (3)
The families (Fi)i∈I and (Gj)j∈J denes a direted family of subomplexes (Fi⊙Gj)(i,j)∈I×J
of E 1 whih has E as its indutive limit. We now put Eij = Fi⊙Gj and denote by Hn(E
vN
ij )
the n-th homology of the indued omplex(
(M⊗¯N)⊗¯(M⊗¯N)op ⊙(A⊙B)ev Eij,∗, 1⊗ eij,∗
)
.
For (i2, j2) ≥ (i1, j1), the inlusion ϕi2i1 ⊗ ψj2j1 indues a map
Hn((ϕi2i1 ⊗ ψj2j1)
vN) : Hn(E
vN
i1j1
) −→ Hn(E
vN
i2j2
),
and just as above we get that
H(2)n (A⊙B, τ ⊗ ρ) = lim−→
(
Hn(E
vN
i,j ), Hn((ϕi2i1 ⊗ ψj2j1)
vN)
)
.
Denoting the ompleted tensor produt (M⊗¯N)⊗¯(M⊗¯N)op by (M⊗¯N)ev we get
β(2)n (A⊙B, τ ⊗ ρ) = sup
(i1,j1)
inf
(i2,j2)≥(i1,j1)
dim(M⊗¯N)ev im(Hn((ϕi2i1 ⊗ ψj2j1)
vN))
= sup
(i1,j1)
inf
(i2,j2)≥(i1,j1)
dim(M⊗¯N)ev im(H
(2)
n ((ϕi2i1 ⊗ ψj2j1)
(2)))
‖·‖2
. (4)
For eah (i, j) ∈ I × J we have two nitely generated Hilbert hain omplexes; namely the
Hilbert (M⊗¯N)ev-hain omplex L2(Eij) and the tensor produt of Hilbert hain omplexes
1I × J is ordered by setting (i1, j1) ≥ (i2, j2) i i1 ≥ i2 and j1 ≥ j2.
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L2(Fi)⊗¯L
2(Fj) (see e.g [Lü02℄) whih beomes a Hilbert hain omplex for the Neumann
algebra M ev⊗¯N ev. The two von Neumann algebras in question are ∗-isomorphi in a
trae-preserving way via the map
(M⊗¯Mop)⊗¯(N⊗¯Nop) ∋ a⊗ cop ⊗ b⊗ cop
α
7−→ a⊗ b⊗ cop ⊗ dop ∈ (M⊗¯N)⊗¯(M⊗¯N)op,
and through the isomorphism α we may therefore onsider L2(Eij) as a HilbertM
ev⊗¯N ev-
hain omplex; when doing so we write it as αL
2(Eij). The Hilbert hain omplex αL
2(Eij)
is nothing but the tensor produt omplex L2(Fi)⊗¯L
2(Gj) and by Lemma 1.22 in [Lü02℄
this identiation gives rise to an M ev⊗¯N ev-isomorphism on the level of L2-homology:
αH
(2)
n (L
2(Eij)) = H
(2)
n (αL
2(Eij))
∼
−→
⊕
k+l=n
H
(2)
k (L
2(Fi))⊗¯H
(2)
l (L
2(Gj)).
For eah (i1, j1) ≤ (i2, j2) we therefore get a ommutative diagram of Hilbert M
ev⊗¯N ev-
modules
αH
(2)
n (L2(Ei1j1))
∼
//
αH
(2)
n ((ϕi2i1⊗ψj2j1 )
(2))

⊕
k+l=n
H
(2)
k (L
2(Fi1))⊗¯H
(2)
l (L
2(Gj1))
L
k+l=nH
(2)
k
(ϕ
(2)
i2i1
)⊗H
(2)
l
(ψ
(2)
j2j1
)

αH
(2)
n (L2(Ei2j2))
∼
//
⊕
k+l=n
H
(2)
k (L
2(Fi2))⊗¯H
(2)
l (L
2(Gj2))
For any nitely generated Hilbert (M⊗¯N)ev-module X we have
dim(M⊗¯N)ev X = dimMev⊗¯Nev αX,
simply beause α is a trae-preserving ∗-isomorphism. We therefore get
dim(M⊗¯N)ev im(H
(2)
n ((ϕi2i1 ⊗ ψj2j1)
(2)))
‖·‖2
= dimMev⊗¯Nev im(αH
(2)
n ((ϕi2i1 ⊗ ψj2j1)
(2)))
‖·‖2
= dimMev⊗¯Nev im(⊕k+l=nH
(2)
k (ϕ
(2)
i2i1
)⊗H
(2)
l (ψ
(2)
j2j1
))
‖·‖2
= dimMev⊗¯Nev
⊕
k+l=n
im(H
(2)
k (ϕ
(2)
i2i1
))
‖·‖2
⊗¯ im(H
(2)
l (ψ
(2)
j2j1
))
‖·‖2
=
∑
k+l=n
dimMev
(
im(H
(2)
k (ϕ
(2)
i2i1
))
‖·‖2)
dimNev
(
im(H
(2)
l (ψ
(2)
j2j1
))
‖·‖2)
, (5)
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where the last equality follows from [Lü02℄ Theorem 1.12. Combining all the formulas
obtained so far, the desired identity follows:
β(2)n (A⊙ B, τ ⊗ ρ) =
(4)
= sup
(i1,j1)
inf
(i2,j2)≥(i1,j1)
dim(M⊗¯N)ev im(H
(2)
n ((ϕi2i1 ⊗ ψj2j1)
(2)))
‖·‖2
(5)
= sup
(i1,j1)
inf
(i2,j2)≥(i1,j1)
∑
k+l=n
dimMev
(
im(H
(2)
k (ϕ
(2)
i2i1
))
‖·‖2)
dimNev
(
im(H
(2)
l (ψ
(2)
j2j1
))
‖·‖2)
=
∑
k+l=n
(
sup
i1
inf
i2≥i1
dimMev im(H
(2)
k (ϕ
(2)
i2i1
))
‖·‖2)(
sup
j1
inf
j2≥j1
dimNev im(H
(2)
l (ψ
(2)
j2j1
))
‖·‖2)
(2,3)
=
∑
k+l=n
β
(2)
k (A, τ)β
(2)
l (B, ρ)

The Künneth formula gives an alternative proof of the following well known fat whih
is usually derived from Theorem 2.4 in [CS05℄.
Corollary 3.2. The n-th L2-Betti number of the hypernite fator R is either zero or
innite.
Proof. Denote by τ the unique trae on R and by ρ the normalized trae on M2(C). Sine
R is hypernite it absorbs M2(C) tensorially and sine both R and M2(C) are fators any
isomorphism R ≃ R ⊙M2(C) is bound to preserve the traes. Moreover, it follows from
[CS05℄ Proposition 2.9 that
β
(2)
k (M2(C), ρ) =
{
1
4
if k = 0,
0 if k ≥ 1.
Hene
β(2)n (R, τ) = β
(2)
n (R⊙M2(C), τ ⊗ ρ) =
∑
k+l=n
β
(2)
k (R, τ)β
(2)
l (M2(C), ρ) = β
(2)
n (R, τ)
1
4
,
whih fores β
(2)
n (R, τ) to be either zero or innite. 
It is, to the best of the author's knowledge, still not known what the L2-Betti numbers
of the hypernite fator are, exept in degree zero where it follows from [CS05℄ Corollary
2.8 that β
(2)
0 (R, τ) = 0. However, having in mind the well known analogy between hyper-
niteness and amenability, it is of ourse natural to expet that also the higher L2-Betti
numbers of R
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4. An appliation towards quantum groups
We take as our starting point Woronowiz's denition [Wor98℄ of a ompat quantum
group. Thus, a ompat quantum group G onsists of a (not neessarily ommutative)
unital, separable C∗-algebra C(G) together with a oassoiative, unital ∗-homomorphism
∆G : C(G) → C(G) ⊗ C(G), alled the omultipliation, whih furthermore has to satisfy
a ertain non-degeneray ondition. We remind the reader that suh a C∗-algebrai quan-
tum group automatially gives rise to a purely algebrai quantum group (a Hopf ∗-algebra
[KS97℄), whose underlying algebra will be denoted Pol(G), as well as a von Neumann
algebrai quantum group [KV03℄ whose underlying algebra will be denoted L∞(G). We
also reall that the C∗-algebra C(G) omes with a distinguished state hG, alled the Haar
state, whih plays the role orresponding to the Haar measure on a genuine, ompat group.
Performing the GNS onstrution with respet to the Haar state yields a Hilbert spae de-
noted L2(G). The anonial example of a ompat quantum group, on whih the general
denition is modeled, is obtained by onsidering a ompat, seond ountable, Hausdor
topologial group G and its ommutative C∗-algebra C(G) of ontinuous, omplex valued
funtions. In this ase, the von Neumann algebra beomes L∞(G, µ), where µ denotes the
Haar probability measure, and the assoiated Hopf ∗-algebra beomes the algebra gen-
erated by matrix oeients arising from the irreduible representations of G. If G and
H are two ompat quantum groups they give rise to a third quantum group, denoted
G×H, whose underlying C∗-algebra is C(G)⊗ C(H) and whose omultipliation is given
by ∆G×H = (id⊗σ ⊗ id)∆G ⊗∆H; here σ : C(G)⊗C(H)→ C(H)⊗C(G) denotes the ip-
isomorphism. The Haar state hG×H is given by hG⊗hH and Pol(G×H) = Pol(G)⊙Pol(H).
See [Wan95℄ for more details.
In [Kye08b℄ and [Kye08a℄ the notion of L2-invariants was generalized from the lass of
disrete groups to the lass of ompat quantum groups of Ka type; i.e. those whose Haar
state is a trae. If G is suh a quantum group its n-th L2-homology H
(2)
n (G) is dened as
TorPol(G)n (L
∞(G),C) and the n-th L2-Betti number β
(2)
n (G) is dened by applying Lük's
generalized Murray-von Neumann dimension dimL∞(G)(−) to the L
∞(G)-module H
(2)
n (G).
As a onsequene of Theorem 3.1, we also obtain a Künneth formula for these quantum
group L2-Betti numbers.
Corollary 4.1. Let G and H be ompat quantum groups of Ka type. Then
β(2)n (G×H) =
∑
k+l=n
β
(2)
k (G)β
(2)
l (H),
for every n ≥ 0.
Proof. It was shown in [Kye08b℄ Theorem 4.1 that β
(2)
n (G) oinides with the n-th Connes-
Shlyakhtenko L2-Betti number β
(2)
n (Pol(G), hG), and sine Pol(G×H) = Pol(G)⊙Pol(H)
and hG×H = hG ⊗ hH [Wan95℄ the result follows from Theorem 3.1. 
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Next we explain how the Künneth formula provides us with non-trivial examples of
quantum groups with non-vanishing L2-Betti numbers.
All oommutative quantum groups are (in their redued form) isomorphi to a quantum
group of the form (C∗red(Γ),∆red) where Γ is a disrete group and ∆red(γ) = γ⊗γ. It follows
from the denitions [Kye08b, 1.3℄ that the L2-Betti numbers of suh a quantum group
oinides with the lassial L2-Betti numbers of the underlying group Γ. Considering, for
instane, the ase of the free group on two generators F2 with β
(2)
1 (F2) = 1 we therefore
get, in a somewhat trivial way, a ompat quantum group with a non-vanishing rst L2-
Betti number. Another trivial soure of non-vanishing results is the lass of nite quantum
groups (i.e. those whose C∗-algebra is nite dimensional); for suh a quantum group G the
zeroth L2-Betti number equals dimC(C(G))
−1
and all the higher L2-Betti numbers vanish
[Kye08b℄. So far, these are the only known examples of quantum groups with non-vanishing
L2-Betti numbers and the following question is therefore natural.
Question 4.2. What is an example of a non-nite, non-oommutative ompat quantum
group with a positive L2-Betti number?
The Künneth formula provides an answer to this question. For this, let G be a nite,
non-oommutative quantum group and denote by N the dimension of C(G) and let H be
the ompat quantum group arising from F2. We have
β(2)p (G) =
{
1
N
, when p = 0;
0, otherwise;
and β(2)p (H) =
{
1, when p = 1;
0, otherwise,
and the Künneth formula therefore yields
β
(2)
1 (G×H) = β
(2)
0 (G)β
(2)
1 (H) + β
(2)
1 (G)β
(2)
0 (H) =
1
N
.
By onstrution, C(G × H) has innite linear dimension and sine G is assumed non-
oommutative G×H beomes non-oommutative.
Remark 4.3. For the free group on k generators Fk the only non-vanishing L
2
-Betti
number is the rst whih has value k − 1. Also, for eah n ∈ N it is easy to produe a
nite quantum group of dimension n; one may simply take a group G with n elements and
onsider the assoiated ommutative quantum group C(G). By opying the example from
above we may therefore onstrut quantum groups with any presribed positive, rational
number as its rst L2-Betti number. Note, however, that if the group G is hosen (or
fored) to be abelian the example beomes oommutative.
As another onsequene of the Künneth formula we also get the following vanishing
result.
Corollary 4.4. Let G and H be ompat quantum groups of Ka type and assume one of
them to be innite and oamenable. Then β
(2)
n (G×H) = 0 for all n ≥ 0.
We remind the reader that a ompat quantum group is alled oamenable [BMT01℄ if the
ounit ε : Pol(G)→ C extends to a harater on the image under the GNS-representation
of C(G) on L2(G).
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Proof. Corollary 6.2 in [Kye08a℄ together with [Kye08℄ Proposition 5.1.5 shows that all
L2-Betti numbers of an innite, oamenable quantum group vanish and the laim now
follows from Corollary 4.1.

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